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1. INTRODUCTION 
The oscillation theory of delay differential equations has been extensively 
developed during the past few years. We refer to Arino et al. [ 11, Hunt and 
Yorke [lo], Koplatadze and Canturija [13], Kusano [15], Ladas [16], 
Lakshmikantham et al. [19], Onose [21], Fukagai and Kusano [3], and 
the references therein for the literature concerned with the oscillation of 
delay differential equations. It is known that neutral delay differential equa- 
tions (NDDEs for short) exhibit certain features which are not found in the 
case of delay differential equations (for example see Gromova and Zverkin 
[9], Gromova [IS]). Only very recently there has been some interest in the 
oscillation theory of NDDEs and it appears that there are no known 
results about the existence of nonoscillatory solutions of first order NDDEs 
especially when the NDDE has one or more variable coefficients. Non- 
oscillation of linear second order NDDE has been considered by Jiong 
[ 111. We refer to the works of Grammatikopoulos et al. [4-71, Jiong 
[ 121, Ladas and Slicas [17, 183, Sficas and Stavroulakis [22], Zahariev 
and Bainov [24], Zhang [25], and Kulenovic et al. [ 141 for some results 
related to the oscillation of NDDEs. 
The purpose of this article is to derive sufficient conditions for oscillation 
and nonoscillation of first order NDDEs. The conditions we obtain are in 
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many cases weaker than those available in the literature cited above; 
furthermore our conditions can be verified when the parameters are given. 
That is, wherever possible we derive conditions to guarantee the existence 
(or nonexistence) of real roots of the relevent characteristic equation while 
keeping the conditions weaker than those known. We remark that deter- 
mining whether or not the characteristic equation associated with a NDDE 
has a real root is itself a problem. Thus we are concerned with the deriva- 
tion of conditions which are easily verifiable. The authors are of the 
opinion that at this time there are no known sufficient conditions in the 
literature for the existence of nonoscillatory solutions of first order NDDEs 
and thus it appears that the results obtained in this article for nonoscilla- 
tion of NDDEs are new. 
2. OSCILLATION OF NDDEs 
We first consider the first order NDDE with constant coefficients 
i(t)-ci(t-z)+px(t-a)=0 
Our first result is the following: 
THEOREM 2.1. Assume 
(i) O<c< 1. 
(ii) 720, o>O, andp>O. 
(iii) poe>l-c{l+(zp/(l-c))}. (2.2) 
Then every solution of (2.1) is oscillatory. 
Proof: The characteristic equation of (2.1) is 
f(l)=l-cAe-“‘+pe-““=O. (2.3) 
To prove the result, it suffices to prove that (2.3) has no real roots under 
the assumptions of the theorem [ 121. One can note that any real root of 
(2.3) cannot be positive and sincef(0) =p > 0, I = 0 is not a root. Thus any 
real root of (2.3) can only be negative if it is possible. Let us set A = - p 
for convenience and show that 
f( -p) =g(p)= 1 -cePT- (pe”“/p) =0 (2.4) 
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has no positive roots when (2.2) holds. We define f,, f2 so that 
fi(p) = 1 - ceP7; f&L) =P5. 
It is sufficient to show that f+) >fi(p) for p > 0. We note that fi has a 
global minimum at l/a and the minimum value is pea. The strategy of our 
proof is to show the existence of a suitable curve lying between the graphs 
of the functions f2 and fi . One such curve is the graph of 
It is easy to see, 
f(p) = (1 - c) - CZ& p > 0. (2.6) 
f(~)-f,(~)=(1-c)-c~~~-(1-ce~‘) 
=c[e P’-/E-l]>0 for fi>O 
and hence f(p) >fi(p) for p > 0. From (2.6) and (2.5), 
f*(p)-f(p)=p~+cip-(l -c). (2.7) 
Considerthevalueof(f,-f)atp=(l/aa)for 16a<co; 
[fib) -f(~)l,=~~,,,, = eve”‘*‘+ (4~0) - (I- c) 
>pocr-(1-c). (2.8) 
Thus if LX > (1 - c)/op then f*(p) -f(p) > 0 for p E (0, ~/MO) and hence for 
all P E (0, P/U -4), V&4 -f(cc)l > 0. 
Let us now consider p > (p/l - c) and note 
(2.9) 
But by our assumption (2.2), pea + cz(p/( 1 - c)) - (1 - c) > 0 showing that 
f&)-f(p)> 0 for ~2 (p/(1 -c)). Thus we have shown that 
f*(P) >fi(P) for all p > 0. 
It follows that (2.3) has no real roots and hence all solutions of (2.1) are 
oscillatory and the proof is complete. 
We remark that the condition (2.2) is better than the corresponding con- 
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ditions obtained by Zhang [25] and Ladas and Sficas [17]. For instance 
in the example 
i(l)-;+ 1)+&r-2)=0, (2.10) 
peo = 1 - c = $ and the results of Zhang [25] and Ladas and Sficas [ 171 
do not apply for (2.10). But the condition (2.2) can be applied to (2.10) to 
conclude that all solutions of (2.10) are oscillatory. 
COROLLARY 2.1. Assume that the constants c, z, gl, . . . . em, pl, p2, . . . . pm 
satisfy 
O<C<l; T>,O;O<aldO*< “’ <O,;pi>Oy i = 1, 2, . . . . m 
and 
(2.11) 
Then all nontrivial solutions of 
i(t)-ci(t-z)+ i pix(t-ai)=O 
i=l 
(2.12) 
are oscillatory. 
Proof: Since the details of the proof are similar to those of the above 
Theorem 2.1 we omit the proof to avoid repetitive arguments. 
In a recent article Ladas and Sticas [17] have proved the following 
result: “If p, G, r are positive constants and Q is r-periodic such that 
QEC(Cb, co), R), a>~, p<l, and 
[-m II~-~~Q(s)ds>(l-p)/c li  s (2.13) 
then every solution of 
R(t)-pR(t-t)+Q(t)x(t-o)=O; t > t, 
is oscillatory.” 
The following result provides an alternative and somewhat weaker 
condition for all solutions of 
(2.14) 
to be oscillatory. 
409/151/l-4 
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THEOREM 2.2. Assume the following: 
(i) c, z, c are positive constants, 0 < c < 1, z > 0, (T > 0; ~3 T. 
(ii) pEC(R, R+), p(I+z)=p(t), PER, R, = [O, co). 
(iii) P, > l/e[l - (4c/Pi)] > 0 where PO = jipr p(s) ds. (2.15) 
Then all nontrivial solutions of (2.14) are oscillatory. 
Proof. Suppose the conclusion does not hold. Then there exists a non- 
oscillatory solution x(t) which we assume to be eventually positive; that is, 
there exists a T> 0 such that x(t) > 0 for t 2 T. We have from (2.14), 
f [x(t)-cx(t-T)] GO for t>T+a=T, 
which implies one of the following two alternatives: 
(i) x(t)-cx(t--)<O for t>T,. 
(ii) x(t)-cx(t-z)>O for t> T,. 
We first show that (i) is not possible. If case (i) holds, we have for some 
constant 6 > 0, 
x(t)-cx(t-T)< -6 for t> T, 
and hence 
x(t)6 -6+cx(t-T) 
6 -6+c[-b+cx(t-22)] 
6 -8[c+c*+ ... +c”]+c”+‘x(t-(n+l)z). 
If we let 
IIdt)ll = sup Ix(t)1 
,E[T,-7.7.11 
then for t >, T, 
x(t)< -6(c+c2+ ‘.. +cfl)+cn+’ llq(t)ll. (2.16) 
Since 0 < c < 1, (2.16) implies that x(t) is negative when n is large enough 
and this contradiction shows that x(t) - cx(t - z) -=z 0 for t 3 T is not 
possible. 
NEUTRAL DIFFERENTIAL EQUATIONS 47 
Let us now suppose x(t) - cx(t - z) > 0 for t > T and define 
w(t) = 
X(t-5)-cx(t-22r)> l 
x(t)-cx(t-T) . 
Dividing both sides of (2.14) by x(t) - cx(t - z) and integrating 
s 
r = p(s)[x(s-a)-CX(S-CT-T)+CX(S-CT-T)] ds I-7 x(s) - cx(s - t) 
(2.17) 
(2.18) 
Using the periodicity of p in (2.18), 
= j’ p(s)w(s)ds-cji 
f-7 f-T 
w(s) z ln[x(s - z) - cx(2 - 22)] ds. 
(2.19) 
Let t* be a number such that t - z < t* < t and 
s t* I-7 p(s)ds=+, j* t* p(s) ds = 2. 
We now show that w(t) is bounded above. On integrating (2.14) over 
(t*, t), 
x(f)-cx(t-t)-[x(t*)-cx(t*--)]+J’ p(s)x(s-o)ds=O 
1* 
which implies 
s f x(t*) - cx(t* - 7)> p(s) x(s - r~) ds I* 
s I > p(s)[x(s - a) - cx(s - (T - t)] ds I’ 
3 [x(t-g(T)-cx(t-O-T)] j-l:p(s)ds 
= [x(t-a)-cx(t-o-T)](Po/2). (2.20) 
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Integrating (2.14) over (t-7, t*), 
x(t*)-cx(t*-~)-[x(t-7)-cx(t-27)]+~r* p(s)x(s-a)&=0 
1-T 
which implies 
x(t-r)-cx(t--2r)aj” p(s)[x(s-a)-CX(S-o-7)]ds 
1-T 
> [x(t* - 6) - cx(t* - 7 - o)](P,/2). (2.21) 
Since x(t) - cx( t - 7) is decreasing, we can combine (2.20) and (2.21) so as 
to have 
x(t’)-CX(t*-7)> [x(t-7)-cx(t-27)](Po/2) 
B [x(t* - 7) - cx(t* - c7 - 2)](P$2) 
> [x(t* - 7) - cx(t* - 2~)](Pd2)~. 
Thus 
w(t*) = 
X(t*-7)-CX(t*-27) 4 
G- 
X(t*)-cx(t* -7) Pi 
for any t* 2 T. We let 
lim infw(t)=? 
,-Pa0 
(2.22) 
(2.23) 
and note that I-C co. It follows from (2.19) that 
’ 
t-T 
w(s)-$ {ln[x(s-7)-cx(s-27)]} ds. 1 
(2.24) 
We note 
w(s); {ln[x(s- 7)-cx(s-27)]} ds 1 
[j 
’ = - lim sup c 
t+‘x t--T 
w(s): {ln[x(s-7)-cx(2-27)]} ds 1 (2.25) 
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and find that 
w(s); {ln[x(s-r)-cx(S--2r)]} ds 1 
<slim sup ln([w(t-t)]-‘) 
0 ,-CC 
=$ lim sup[-ln w(t-r)] 
o’-” 
4c ln[ij 
= -$ lim infln[w(t-t)]= -p2. 
O’-‘CC 0 
From (2.24), (2.2.5), (2.26), 
and hence 
leading to 
But (2.27) contradicts (2.15) and this completes the proof. 
COROLLARY 2.2. Zfp(t)=po>O and 
then every solution of 
(2.26) 
(2.27) 
(2.28) 
is oscillatory. 
i(t)-cx(t-T)+p,x(t-a)=0 
Remark. We note that the existence of the limit in (2.13) has been 
assumed in [17]; such an assumption is not required in Theorem 2.2. 
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THEOREM 2.3. Assume the following: 
(i) c, z, 0 are nonnegative constants, 0 < c < 1, z 2 0, f.7 > 0. 
(ii) PEW% R.), p(t)>p,>O, tE[W 
(iii) pose > 1 - c( 1 + (rp,/l -c)). 
Then every solution of 
is oscillatory. 
i(t)-ci(t--)+p(t)x(t--a)=0 (2.30) 
Proof We shall show that the existence of a nonoscillatory solution of 
(2.30) leads to a contradiction. Suppose cp is a nonoscillatory solution of 
(2.30); we suppose that p(t) > 0 for all t 3 T for some T>O. (If q(t) < 0 
eventually the procedure is similar.) It is known that nonoscillatory solu- 
tions of (2.30) tend to zero as t + co due to p(t) >pO > 0 (see Ladas and 
Sticas [ 173). Thus we have from (2.30), 
q(t) = ccp(t - z) + I= p(s) cp(s - a) ds; t>Tfz=t, 
I 
wp(t-r)+pol‘i p(s-a)& t> to. 
I 
It is not difficult to see from (2.31) that 
cp(t)>ccp(t-z)*cp(t)>creC@ 
for all large t where 
p = - (In c)/r; ct = cp( fo)e(pfOir). 
Define a sequence {y,(t)} as 
... < ye(t); tato. 
It follows from (2.34) that 
Yn+,(t)~Y,(t)~ 
Furthermore we have from (2.34), 
Yo(t )>cleCp 
(2.31) 
(2.32) 
(2.33) 
(2.34) 
(2.35) 
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and also one can derive using (2.33) that 
yl(t)~c(e~‘I’jy,+,(t)~ae~“‘, n= 
Thus we have from (2.35) 
1, 2, . . . . 
ae --@6yn+l(t)<y (I)< ... n 6 Ycl(f)i t> t,. (2.36) 
By the Lebesgue’s convergence theorem the pointwise limit of {y,Jt)} 
exists and hence 
ae-~~~y*(t)=~y*(l--)+poj~ y*(s-a)ds, (2.37) 
, 
where 
y*(t) = lim yJt). 
n-m 
y*(t) is a nonoscillatory solution of the NDDE, 
i(t)-ci(t-z)+p,x(t-a)=O. (2.38) 
But by Theorem 2.1, (2.38) cannot have a nonoscillatory solution when 
(2.29) holds. This contradiction proves the result. 
3. NONOSCILLATION IN NDDEs 
It is known that (2.1) can have a nonoscillatory solution when the 
associated characteristic equation has a real root. However, verifiable suf- 
ficient conditions in terms of the parameters of (2.1) for the characteristic 
equation to have real roots are not known. In the case of (2.14), the 
method of the characteristic equation is not applicable. In this section we 
derive sufficient conditions for the equations of the form (2.1) and (2.14) to 
have .nonoscillatory solutions. We use the following lemma which combines 
both the Banach contraction mapping and the Schauder’s fixed point 
theorem (Nashed and Wong [20]). 
LEMMA. Let X be a Banach space; 0 be a bounded closed convex subset 
of X; A, B be maps of Sz into X such that Ax + By E Sz for every pair 
x, y E Q. Zf A is a strict contraction, i.e., it satisfies the condition that for all 
x, YEQ, 
IlAx-AYII GY IF-YII 
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for some y, 0 6 y < 1, and B is completely continuous, i.e., B is continuous and 
compact (maps bounded sets into compact sets), then the equation 
Ax+ Bx=x 
has a solution in Q. 
THEOREM 3.1. Assume that there exists a positive number u satisfying 
cefl’+pe”“< 1 
P” 
(3.1) 
Then (2.1) has a nonoscillatory solution which tends to zero as t -+ co. 
Proof Let C= C( [T- p, co), R) denote the Banach space of all 
bounded continuous functions defined on [T- p, co) with values in 
R! = (-co, co), where p =max(a, z) and the norm in C is the sup norm. 
Let Q be the subset of C defined by 
pp1’<x<epp2’; pL1>p2>0 
cx(t-z)<Dx(t); c<D<l 
zr ;;,” co)’ (3.2) 
Y 3 
where p2 satisfies (3.1) and p, > pLz. Define a map S: Q -+ C as 
S(x)(t) = s,(x)(t) + s,(x)(t)? (3.3) 
where 
S,(x)(t) = cx(t - z) 
S,(x)(t) = Irn px(s - a) ds 
for t>T 
r 
S,(x)(t) = ca 
for te [T-p, T]. 
S,(x)(t)=(l -c)a 
The constant a is selected so as to make Si(x) and S*(x) continuous at 
t = T. It is easy to see that the integral in the definition of S2 is defined 
whenever XEM. It also follows from (3.2) that S1 is a contraction (due to 
c < D < 1) and that S2 is completely continuous. The set a is closed, 
convex, and bounded in C. We show that for every pair x, ~ESZ, 
Si(x) + S,(y) E Q. For instance we have for any x, y in Q, 
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S,(x)(t) + S,(y)(t) < ceCp2(‘-7) +pItme -d-d ds 
=e-p2t[,ep27+~] 
< ewp2’ for t2T-p, (3.4) 
where ,u> satisfies hypothesis (3.1). Also 
S,(x)(t) + S,(y)(t) >ce-~‘(‘-‘) +gSme -Pl(S-g) ds 
f 
>ce-“l(‘-“- _ ceP’l’e-LJ’l’ 
> eppL1* for t>T-p (3.5) 
provided pi is sufliciently large. Equations (3.4) and (3.5) imply that 
S,(x) + S,(y) E Q for x, y E Q. We note 
cS(x)(t-z)=c 
[ 
cx(t-2r)+lm px(s-a)ds 
I--i 1 
<c 
[ 
Dx(t++S, px(s-a)ds 
1-x 1 
<D cx(t-r)+[lpx(s-cr)ds =DS(x)(t) 
, 1 for t 2 T. 
(3.6) 
Thus S(Q) c Q. By the Lemma, the map S: Q + C has a fixed point in Q 
which is a nonoscillatory solution of (2.1) and this completes the proof. 
COROLLARY 3.1. Assume that either 
(i) pae < 1 - ce(‘j”) (3.7) 
iJi) pze(““) < 1 - ce (3.8) 
holds. Then (2.1) has a nonoscillatory solution which tends to zero. 
ProoJ: The result follows from Theorem 3.1 for the choices of p = l/a 
and p = l/t, respectively. 
Remark 3.1. It is found that the sufficient conditions (3.7) and (2.2) are 
different showing the existence of a gap between them. It is evident that 
both of these conditions (3.7) and (2.2) can be improved so as to narrow 
the gap in the conditions. 
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EXAMPLE 3.1. In the NDDE, 
(3.9) 
the condition (3.7) of Corollary 3.1 is satisfied since pae = (f). 
1 - &do) = i. In fact (3.9) has a nonoscillatory solution x(t) = r ‘. 
THEOREM 3.2. Let c, z, CT be nonnegative constants, 0 <c < 1, z > 0, 
a>O. LetpEC(R+,lR+) andp(t)-+p,>O as t-+cO. Suppose there exists 
a positive number p satisfying 
cep’+-, 
@“PO < 1. 
P 
(3.10) 
Then 
i(t)-ci(t--)+p(t)x(t-a)=0 (3.11) 
has a nonoscillatory solution. 
Proof: Details of the proof are similar to those of Theorem 3.1 and 
hence we will be brief. Define a map S: Q -+ C( [ T- p, co), W), where Q is 
defined as in Theorem 3.1 for suitably selected large positive number T. We 
define S as 
S(x)(t)=cx(t-r)+J’* p(s)x(s-a)ds 
I 
= W-W) + s2(x)(t) (say). 
To show that S,(x)(t)+S,(y)(t)ER for x, y~sZ we have 
(3.12) 
S,(x)(t)+Sz(y)(t)dce~U’2”~“+ Im p(s)e-LO(” 0) ds 
eP2o x 
= ce -d-T) -- 
I 
p(s) d(e-“*“) 
P2 1 
[ 
v20 
=e P2r ce”zu + Poe 1 <e-1(2’ (3.13) P2 
for all t > T - p, where T is sufficiently large (we have used a limiting form 
of the mean value theorem of integral calculus in the last step in the deriva- 
tion of (3.13)). The other details of the proof are similar to those of 
Theorem 3.1 and hence we omit them. 
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COROLLARY 3.2. Assume that either 
(i) pooe 6 1 - ce(7’u) (3.14) 
or 
(ii) pore “lz 6 1 - ce. (3.15) 
holds. Then (3.11) has a nonoscillatory solution which tends to’ zero as t + 0~. 
This corollary follows from Theorem 3.2 for the choice p= (l/o) and 
p = (l/r), respectively. 
THEOREM 3.3. Assume that c, 5, (T are as in Theorem 3.1 and that 
PEW.> R,) satisfies p(t)<po. If there exists a positive constant p 
satisfying 
ce”’ + Poe”” < 1 
P 
(3.16) 
then (3.11) has a nonoscillatory solution. 
Proof: Let q(t) be a nonoscillatory solution of 
i(t)-ci(t--)+p,x(t-a)=0 (3.17) 
which exists by hypotheses and Theorem 3.1. Define a sequence {xJt)} 
(n= 1, 2, 3, . ..) for te [T-p, co) as 
x,(t) = cp(t) 
(3.18) 
X .+,(t)=cx,(t-T)+jmp(s)xn(s-o)ds. 
, 
Since cp is a nonoscillatory solution of (3.17), cp( t) -+ 0 as t + cc and hence 
m(t)=c4W+~m pod--o)ds, t>O f 
>~q(t-r)+~~ p(s)cp(s-a)ds, t > 0. (3.19) 
, 
One can now show as in the proof of Theorem 2.3 that the sequence 
{x,,(t)} has a pointwise limit for t > 0, say x*(t), satisfying 
x*(t)=cx*(t-r)+Iv; p(s)x*(s-o)ds 
I 
(3.20) 
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and 
x*(t) 2 aeCp” t>o 
for some positive constants a and p. x* satisfying (3.20) is a nonoscillatory 
solution of (3.11) and this completes the proof. 
The proof of the following is similar to that of Theorem 3.1 and so we 
formulate it without proof. 
THEOREM 3.4. Assume the following: 0~ CC 1; r 30; 0~ (T, < rr2 < 
. . . <a; pi > 0; i = 1,2, . . . . m. Suppose there is a number p > 0 such that 
Then 
i(t)-ci(t-T)+ f p;x(t-a,)=0 
i=l 
(3.21) 
(3.22) 
has a nonoscillatory solution. 
COROLLARY 3.3. Assume that either 
(i) ce +X7= r P,r[exp(aJz)] < 1 or 
(ii) ce’jb +x7= 1 Pi~[eXp(~j/CJ)] d 1 
holds. Then (3.22) has a nonoscillatory solution which tends to zero as t + co. 
We conclude with the note that in the case of a delay differential 
equation of the type 
i(t)+px(t-o)=O, (3.23) 
a necessary and sufficient condition for all nontrivial solutions of (3.23) to 
be oscillatory is pea > 1; it will be both interesting and worthwhile to find 
such a single necessary and suffkient condition for all nontrivial solutions 
of (2.1) to be oscillatory. 
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